In this paper we give explicit necessary and sufficient conditions for an infinite direct sum of modules with local endomorphism rings to be a CS-module. As consequences, we obtain new characterizations of Z-CS modules and Z-CS rings which cover several earlier known results on this topic. @ 1997 Elsevier Science B.V.
Introduction
A module M is called a CS-module (or extending module) if every submodule of M is essential in a direct summand of M. CS-modules provide a natural generalization of quasi-continuous and continuous modules [22] , which in turn generalize quasi-injective and injective modules. In the study of CS-modules of special interest are those CSmodules which admit indecomposable decompositions.
In particular, it appears to be an open question to determine necessary and sufficient conditions for a direct sum of indecomposable modules to be a CS-module. The question seems to be rather complicated even in the finite direct sum case (see e.g. [l&21]). In this paper we mainly consider infinite direct sums and give a complete solution to this question for the case in which each indecomposable summand has a local endomorphism ring.
Let R be any ring and M = ej,_[ M, a direct sum of uniform right R-modules with local endomorphism rings. In [7] we showed that M is a CS-module if and only if every uniform submodule of A4 is essential in a direct summand of A4, and there does not exist an infinite sequence of non-isomorphic monomorphisms M,, LM,, j'2 . . + 1. M,,,-..., with distinct i, E I. A natural question arises as how to describe explicitly the first condition in the above characterization.
In this paper we prove that every uniform submodule of M is essential in a direct summand if and only if each pair N. K DunylJourt~al of' Pure und Applied Alqehra I19 (1997j 139-153 Mi @M, is CS and the following chain condition holds on right ideals of R: for every choice of x, E M,,,, with distinct i,, E Z, such that n7,"=, YR(X~) > Y&) for some y E Mj, j E I, the ascending sequence n,"=, YR(X~) (n E N) becomes stationary. This fact, together with the above-mentioned result in [7] , yields explicit necessary and sufficient conditions for M to be a CS-module.
In the second part of the paper, we use this result to characterize C-CS modules and Z-CS rings. A module M is defined to be C-CS if every direct sum of copies of M is CS, and a ring R is right C-CS if the module RR is C-CS. C-CS rings, which present an interesting generalization of both quasi-Frobenius and generalized uniserial rings, were discovered first by Harada (see e.g. [ 161). Later on, C-CS rings were studied extensively by Oshiro (e.g. [23, 24] ), and several new characterizations of C-CS rings were recently obtained in [4, 6, 19, 20, 25] .
Our approach here is to develop general methods to study C-CS modules over arbitrary rings, and consequently, we are able to derive, in a unified and simplified manner, most of the known characterizations of C-CS rings, which were obtained in earlier works by more specific methods. Along the way, we also show that if R is a right Noetherian ring, then every CS right R-module is C-CS if and only if every uniform right R-module is quasi-injective.
Finally, we provide an alternative (and shorter) proof to Oshiro's result [23, 24] that right C-CS rings are left Artinian and QF-3.
Definitions and notation
Throughout this paper all rings are assocative with identity and all modules are unitary right modules. For any right R-module M, we write E(M) for the injective hull of M in Mod-R. For any subset X of M, r&f) represents the right annihilator of X in R. Following Wisbauer [26] , a[M] denotes the full subcategory of Mod-R whose objects are submodules of M-generated modules. If N E a[M], N denotes the injective hull of N in a[M], and N is also called the M-injective hull of N (in fact, I? = Trace(M,E(N)).
In particular, the M-injective hull M is also called the quasi-injective
A submodule C of M is called closed in M provided C has no proper essential extensions in M. Recall that a module M is a CS-module (or extending module [S] ) if every closed submodule of M is a direct summand, or equivalently, every submodule of M is essential in a direct summand. M is called continuous if M is a CS-module and every submodule of M which is isomorphic to a direct summand of M is also a direct summand of M (see [22] Let {M,li E I} be a family of right R-modules. The following chain condition which arose in the study of the quasi-injectivity of @IiclMi, will prove very useful in our study of CS direct sums. This condition was denoted by (AI) in p. 41 , and here we will follow their notation.
Definition.
A family {M,li E I} of right R-modules is said to satify (AZ) if for any choice of x, E M,!,, with distinct i, E Z, such that n,"=, TR(X,) Z ?.R(Y) for some y E M,, (j E I), the ascending sequence n,"=, YR(X~) (n E iw ) becomes stationary.
For other standard definitions and notations, we refer to [ 1, 8, 22, 26] as background references.
The CS property of direct sums of modules with local endomorphism rings
In this section we will prove general results which provide explicit necessary and sufficient conditions for a direct sum of uniform modules with local endomorphism rings to be a CS-module.
We begin with the following lemma which is just a reformulation of Baba-Harada [2, Lemma 81. For the reader's convenience, we sketch here a proof of the implication (a) ~j (b) which will be repeatedly used in the sequel. The following generalization of relative injectivity will prove useful in our investigation. Let M and N be modules, then we say that M is nearly N-injective provided for any non-monomorphism ,f' : A -N, where A is a submodule of M, f can be extended to a homomorphism y : M * N (cf. [8, p. 171) . It is easy to verify that if M is nearly N-injective, then M is nearly A-injective for every submodule A of N. A proof similar to that of [22, Proposition 1 .41 also shows that M is nearly N-injective if M is nearly C-injective for every cyclic submodule C of N. This fact will be used in the proof of the next lemma which is inspired by [ We now come to the crucial lemma. If $ = 0, then U CM,, and since U is closed in A4, it follows that U = A4j, and we are done. Now assume that $ # 0. Note that for each x E A, all but a finite number of the projections X,($(X)) of Ii/(x) in M, are zero. Thus we can choose il,. . , i, in I \ j such that shows that E = 0, thus y = /;(_v) for each y E C. Therefore, if C = B,, then BI c B/. Otherwise, h must be an isomorphism which would imply that Bj C B,.
Thus we have shown that the set {B,}?!, is linearly ordered by inclusion, and since this set is finite, we can choose a smallest B,., that means B, c B, for each 1 < t < m. But we have seen from above that A = n;, B,, hence this implies that A = B,.. Then we have that A is isomorphic to M;, through the isomorphism (I,.$. Therefore, as is easily seen, the restriction of rc,, on CJ is an isomorphism from U to A4,, , hence A4 = CJ & (@,+, M,). This completes the proof of the lemma. 0
We are now in a position to establish explicit necessary and sufficient conditions for a direct sum of uniform modules with local endomorphism rings to be a CS-module. For the last assertion of the theorem, see [7, Corollary 3 .51 (cf. [8, 8.131 ). 0
In the above theorem, the chain condition (AZ) might seem somehow technical to verify in practice. Therefore, we derive now a direct consequence of Theorem 2.4 which gives simpler sufficient conditions for a direct sum of modules with local endomorphism rings to be a CS-module. We conclude this section with a few comments concerning some related results which already existed in the literature. [3] , there was a gap in the proof of [2 1, Lemma 1 l] which invalidates this result (and also [2, Theorem 41) in the general case (though the result remains valid if the ring is assumed to be right Noetherian where each M, is an indecomposable injective prqjective right R-module. Then M, $IM~ is CS for each pair i # j in I, but not every uniform submodule of Rr' is essential in a direct summand, because otherwjse R)<" would be CS by Lemma 2.3 and Theorem 2.4, hence R is QF (see the next section). However, it should be noted that our Lemma 2.3 has been significantly inspired by the ideas developed in [17] , and especially in [21].
C-CS modules and Z-CS rings
Let R be a ring and M a right R-module. M is called C-(quasi-)injective if every direct sum of copies of M is (quasi-)injective.
Similarly, M is called C-CS if every direct sum of copies of M is also CS (see [4, 8, 151) . The ring R is called right .I-CS provided R is Z-CS as a right R-module. The main goal of this section is to use the results of the preceding section to characterize C-CS modules over arbitrary rings. As consequences, we recover most of the known characterizations of C-CS rings which were obtained in [6, 19, 20, 23, 25] .
Our first result on C-CS modules is an immediate consequence of Theorem 2.4. if R is a von Newmann regular right self-injective ring, then Ry' is CS but clearly RR need not be C-CS (see [9] ). It is natural to ask, for a ring R satisfying the property that Rr' is CS, under what conditions is RR also C-CS? Huynh [19, Theorem l] proved that if RF) IS CS then RR is C-CS provided R has ACC or DCC on projective principal right ideals. Now we apply our preceding result to get a module-theoretic generalization of Huynh's theorem, with a simplified proof.
Proposition 3.2. Let M = eiE, A4, he u direct sum of unifOrm modules Mi such that McN) is CS. Suppose that, jk each i E I, M, is not M-sinyulur, nnd A4; satis$es ACC or DCC on submodules isomorphic to Mi. Then M is a C-CS module.
Proof. First we will show that Mi is continuous for each i E I, i.e., every monomorphism in Mj is an isomorphism. Let f :M, + A4, be a monomorphism.
Suppose that ,f(M;) # M,, then we get an infinite strictly descending sequence If A4, satisfies DCC on submodules isomorphic to M,, then this would give a contradiction. Therefore, we assume that A4, satisfies ACC on submodules isomorphic to Put N = U,"=, g"(A4;). It is easy to see that there is an exact sequence A4,") + N + 0 (cf. [26, 13.31 ). Since A4, (') is CS, it follows that N = Ni @NI, where Ni is isomorphic to a direct summand of M,(rm), and N2 is Mi-singular. As N is uniform, either N2 = N or Ni = N. If N2 = N, we get that N is Ml-singular, hence IV& is Mi-singular, a contradiction to the hypothesis. Therefore Ni = N, so N is isomorphic to a direct summand of A4,"'. Since N is uniform, an easy argument, similar to that given in the Mi,iM12-...
-+M;,+-.
If i, = i, for some pair n < m, we would get a non-isomorphic monomorphism from Mid, to Mi,z, a contradiction because M;,, is quasi-injective.
Thus in # i, for n # m. But M is a CS-module, so this is also a contradiction by Theorem 2.4 ((a) + (c)). Now it follows by Corollary 2.5 that N = @,iEJ N, = MC.") is CS. Thus M is a C-CS module. Remark 3.4. In Theorem 3.3, the condition of M being C-quasi-injective seems to be reasonable. It is known that, for a module M over an arbitrary ring R, the condition that M is C-CS implies that M is C-quasi-injective provided M is non-singular or projective in a[M] (see [15] ), or more generally, any direct sum of copies of M does not contain M-singular direct summands (see [4] ). It is still unknown whether if M is C-CS then M must be C-quasi-injective, in the general case.
We next derive various characterizations of (right) C-CS rings. The first is the main result of Dan [6] which was proved by a different method.
Recall that a module A4 is called small if M is a small submodule of its injective hull. It is well-known that M is a small module if M is small in a module containing it. If M is not a small module, then we say that M is non-small. Clearly M is non-small if and only if A4 is not a small submodule of any module containing it.
Corollary 3.5 (Dan [6] ). A ring R is right C-CS ifund only ifR is right perfect with ACC on right annihilators and R @ R is CS as a right R-module.
Proof. The necessity is well-known (see e.g., Oshiro [23] ; compare also [15] and Theorem 3.3). For the sufficiency, by applying Theorem 3.3 (c) + (a), we need only show that E(RR) is C-injective. Since R has ACC on right annihilators, it suffices to show that E(RR) is projective. Let e be any primitive idempotent of R. Suppose that eR is non-small. Then for any primitive idempotent f of R, eR is not embedded in f R, and because eR 6 fR is CS, it follows from Lemma 2.1 that eR is fR-injective. Therefore eR is injective as a right R-module. Now suppose that eR is small. Since R is right perfect, there is a projective cover PAE(eR) -+ 0, where P = @, Pi, each P, is indecomposable projective. If Pj is small for some j E I, then q(Pj) is small in E(eR) (see e.g. [22, Lemma 4.21) . Let P = P, $ Q, then E(eR) = (p(Q). But Kercp is small in P, so it follows that Q = P, a contradiction. Thus each Pi is non-small, hence injective. It is easy to see that, because eR is projective, eR can be embedded into a finite direct sum of the P,'s. Therefore E(eR) is projective. We conclude that E(RR) is projective. 0
Faith [l l] proved that a ring R is quasi-Frobenius if and only if R is right selfinjective with ACC or DCC on right annihilators. We proceed now to give a similar characterization of right C-CS rings. First, we record a known result which will be useful in the sequel. Note that if M is a right R-module and S = EndR(M), then M becomes a left S-module in a natural way. Proof. The necessity is well-known (see e.g. Oshiro [23] ). Now suppose that every essential extension of an indecomposable summand of RR is projective. Consider the case that R has ACC on right annihilators. There are orthogonal primitive idempotents er,.
.,e, of R such that R = elR 3 . . . @ e,IR. Let e2 be the e,R-injective hull of e,R. Then e2 is a quasi-injective essential extension of eiR, hence e$? is projective by hypothesis. Since e2 is generated by e,R (see [26, 16.3] ), there is an exact sequence , it suffices to prove that every direct summand of RR of uniform dimension 2 is CS. But End(eiR) is local for each i, so this is equivalent to showing that eiR @ ejR is CS for each pair i # j (cf. [I, Corollary 12.71 ). Consider any closed submodule A of eiR 8 e,R, and obviuosly we may assume that A is uniform. Then either A n e,R = 0 or A n e,R = 0, so without loss of generality, we may suppose that A n ejR = 0. Then A @ ejR is essential in e,R @ ejR, and clearly (eiR @ e,R)/A is an essential extension of (A eeiR)/A = eiR (see e.g. [8, 1.10, p. 61). Thus (e,R @ ejR)/A is projective by hypothesis, so A is a direct summand of eiR @ ejR. It follows that eiR @ eJR is CS. Now by Theorem 3.3 (d) + (a), we get that R is right Z-CS.
We next consider the case that R has DCC on right annihilators. Similarly as in the ACC case, there are orthogonal primitive idempotents el, , e, of R such that R = elR $ . . @ enR, and we can show that each e,R is quasi-injective. Then E(e,R) is indecomposable injective and projective, hence isomorphic to a right ideal of R. By Lemma 3.6, R has ACC on right ideals rR(x), X cE(eiR), so E(eiR) is C-injective by [ll] . This implies that E(RR) is C-injective, so R has ACC on right annihilators (see [I 11) . Now the result follows from the first part of the proof. q
The ACC case of Proposition 3.7 generalizes Huynh-Dan [20 Theorem 3 ((i) % (vi))], where the ring was assumed to be right perfect. Another consequence of Proposition 3.7 is the following result of Oshiro [23] . A (') is CS, and R has ACC on rR(x), x E AcN), it follows by [22, Proposition 2 .181 that every local direct summand of AcN1) is a direct summand. Now an argument similar to that in the proof of Theorem 3.3 ((b) =+ (c)) shows that EndR(A) is right perfect. Since A is uniform, this implies that EndR (A) is local. By [l, Theorem 29.51, A ("' has a decomposition that complements direct summands, thus the family {A}N is locally semi-7'-nipotent (see [22, Theorem 2.261 ). In particular, every monomorphism ,f' : A -A is an isomorphism. Since A @A is CS, it follows by Lemma 2.1 that A is quasi-injective. Therefore each Ml, (i = 1,. . . , n), is quasi-injective.
Let Si = EndR (Ml). Since R has DCC on ya(X), X CMi, it follows by Lemma Thus sM is of finite length. Since MR is finitely generated, by Faith [12, Proposition 19.14 B] it follows that ,rS can be embedded into a finite direct sum of copies of SM. Therefore S is a left Artinian ring. 0
Examples of modules in Proposition 3.10 include finitely generated projective right modules over right C-CS rings. In particular, we get an alternative proof to the following result of Oshiro [23, 24] . Corollary 3.11 (Oshiro [23, 24] ). Let R be u right C-CS ring. Then R is left Artinian and QF-3.
Proof. Assume that RR is C-CS, then it is easy to show that essential extensions of projective right R-modules are also projective (cf. [23, Proposition 3.31). By [15, Theorem 1.121, we get that E(RR) is C-injective. By Theorem 3.3 ((b) =+ (c)), it follows that R is right perfect, Hence by Colby-Rutter [S, Theorem 1.31, R is a semiprimary QF-3 ring. In particular, R has ACC and DCC on right annihilators. Hence, by Proposition 3.10, R is left Artinian. 0
